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Excitation of unstable waves (Tollmien—Schlichting waves) due to the presence of one
or the other type of free-stream disturbances with continuous spectra (acoustic, vortical,
etc.) has been widely studied in recent times because of the need to predict boundary layer
transition [1]. As a result of theoretical and experimental studies it has been established
that the excitation of unstable waves takes place at spatial nonuniformities in the boundary
layer flow [2]. The method of small disturbances which involves series solutions to linear-
ized Navier—Stokes equations in terms of eigenfunctions for the locally homogeneous problem
[3] is widely used to analytically investigate the Tollmien—Schlichting wave generation.
Here the disturbances characterizing fixed frequency and spatial grouwth are analyzed. 1In
view of this it becomes necessary to analyze the complete system of eigenfunctions of the
linearized Navier—Stokes equations for the spatially growing disturbances, assuming locally
homogeneous conditions. The growth of initial disturbances in incompressible boundary layer
has been solved in [4] using Laplace transformation in time. The completeness of the system
of -eigenfunctions of the linearized Navier—Stokes equations describing the temporal growth
of disturbances in incompressible boundary layer has been shown in [5] on the basis of
results from [4]. For the spatially growing disturbances these equations remained unanswered.
In the present paper an analysis has been carried out for the spatial growth of disturbances '
in compressible boundary layer.

1. Tormulation of the Problem. Consider plane parallel boundary layer flow. Coordi-
nates are chosen such that Ox is in the direction of the flow and the axis Oy is perpendicu-
lar to the plane surface. Let the length scale be the boundary layer thickness 6, let U, be
the reference velocity, T, the reference temperature, p, the reference density, poU2 the
reference pressure, p, the reference viscosity, and §/U, the reference time (the index 0
indicates quantities in the free stream, outside the boundary laver). The coefficient of
vigcosity is assumed to be a function of temperature. The vector function A is determined
for the two-dimensional disturbances:

A =u, Ay = uldy, Ay =v, A, =p', 4; = 0, A, = 30/dy,
A; = 0uldx, Ag = dvidx, Ay = 00/dx,

where u, v are the fluctuations in the x and v velocity components respectively; p' is the

pressure fluctuation; ©® is the temperature fluctuation. We write the linearized Navier—
Stokes equations after TFourier transformation in the form

? aA 9A T
%‘(Lo‘a—y“)'J:‘ Ly =HA+H -, 1.1

where Lo, L, H,, and H, are 9 x9 matrices. Their nonzero elements are given in the appen~
dix. The initial and boundary conditions are formulated:

A1=A3:A5=Oat y=0,
4l <oo & y—>oo (j=1,..,9),
A= Ay) 2t z=0.

In forrmulating boundary conditions for the temperature fluctuation at y =0 in (1.2), it was
assumed that the solid surface is made of a highly conducting material [6].

According to Adamar [7], the mixed problem (1.1), (1.2) is incorrectly posed. However,
it can be regularized by assuming that Ao(y) allows solutions to linearized Navier—Stokes
equations A(x, y) with finite growth rate, i.e,, there exist such positive constants 1, s
that |Aj(x, y)l <MeSX(j =1, ..., 9). Integral relations that the vector A, should satisfy
are obtained below in an explicit form.

(1.2)
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2. Solution to the Problem (1.1), (1.2). Using Laplace transforms to bring A(x, y) to
the form Ap(p, y), where p is a complex variable, we get a system of equations

d dA
-d;(fn - )J L, ~—nlAl, L pH A, - F, (2.1)
P 4[2..0,

Solution to the system (2.1) is sought by using variational method for the constant.
In the homogeneous system (2.1), equations for the first six components are split and brought
to the well known Lees—Lin type system [6] for the vector z describing the first six compo-
nents of the vector Ap:

dz'dy = H, (2.2)

where Ho is a 6 x6 matrix (its nonzero elements are given in the appendix). Here the compo-
nents of Ap5(j =7, 8, 9) are uniquely determined from the first six components. The system
(2.2) has six linearly independent solutions which have asymptotic dependence on y outside
the boundary layer: zj vexp(ijy) (j =1, ..., 6). The constants A3y are determined by the
relations [8]:

Ao = =& V—‘P") + Re(p — o),

Aay

12

+ {—:— (byy = byy) + 1/ L(bﬂ — byg)* -+ bz:}b:za} i

11

1 ‘ 12
Ao = = {‘z‘ (bag - byg) — ]/“—(bp — bga)? -+ byg 32} ,

by = HYY, by = HEITY - HPHM L NS,
by = HYHY + HPHY - H'HP, by, = H', by = HYY,

where HolJ are the elements of the matrix H, computed at y —»; Re is the Reynolds number; w
is the disturbance frequency; i is the complex unit vector. We fix the branches Real (A35) ~
0 (j =1, 3, 5) and to get a unique solution make a cut in the plane of the variable p accord-
ing to the equations Af = ~k*(j =1, 3, 5, k >0). For each linearly independent solution

€5 G-= .esy 6) to the system (2.2) we write linearly independent solutions to the homo-
geneouo svstem (2.1). The solution to (2.1) is sought in the form

Ay =8QW) + Y, Y; =0 (=1,..,6),Y,=—F (i=1,8, 9,

where £ =||£1, aees Esﬂ is the matrix of fundamental solutions (9 X6), Q is the unknown vec-
tor-function with six components. For @ we get equations

- dr d
2L _{_i:__ ([Q J()E HQ : 0 = dQ 1 ng._}%,::f,

o B

T gy dy dy* dy ©Tdy

ar

L=F=0, fi=F,— pHY'F, 4+ L3 ‘(Tf‘v

jS:F:;. f4:'-: F4_])[[;‘q]?8_ ]’5':F5—.0,
fo== Fo—pHPF,, ;=0 (j=1,89). (2.3)

The system (2.3) contains six equations to determine the six components of the vector Q.
After simple transformations we bring (2.3) to the form

ZdQldy = ¢, ¢, =0, ¢,=F,— pHY +
R LYPAPGdy — LF,. g = Fy,
(m:[— HPFy - Fy— pH¥P 4 (i,g"’/g)] /(1 L LI,
Ty =0, ¢ = /’*6—,717/.‘/79, (2.4)
where Z —Hzl, «.vs Z¢|| is the matrix of fundamental solutions to the system (2.2)., Solving

(2.4) ve get

A,,ﬁ 1 a; 5 dy 1§+ Y,

v
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W = det Z, D;/W = dQ;/dy, (2.5)

where the constants @y, yj should be obtained frcm boundary conditijons at y =0 and y -+,
Although the last three components in Eq. (2.5) do not express anything except their
determination in the vector A as a derivative of other components with respect to x, their
evaluation is essential because their value at x =0 is fundamental to the solution. Further
attention is concentrated on the first six components of the the vector Ap, Hence we will
drop the vector Y; the lipearly independent solutions E3 are replaced by zj. In accordance
with the choice of the branch ij and boundary conditions (1.2), A, is expressed in the form

- - AP
A, = (nl - j"WL dy) zy -+ 571/2- dyz, + (aa J,—S—ﬁf—dy) 24
0 0

[+

\ 1{ Dﬁ Y DG
+ 7 dyz -+ "5+'\—W-d!/ za+5‘ﬁ7dyzsv

0 -

g ==

o 02 00 D4 co D6 .

a = j‘-—ﬁ,— ayEsg; + j‘TV‘dyE:.ws + j'W— WYEass | [ Eszs
0 [ 0
3’ I

D, T o, ]
“W—dyEms T 'W“d!/Ems E1g5

0

) ]
W;"dyEHM + j —Wﬁ‘ d!/EmﬁJ / E g5

o

) (2.6)

where z;: represents the ith components of the jth vector. Inverse Laplace transformation
of (2.6) will be determined by the presence of branch points and poles. The function W(y)
from (2.5) can be found from consideration of the asymptotic expression for zj as y >« using
the well-known Jacobi function [9]:

W (y) = W (c0) exp [,s' Sp () dy].

The constant W(®) cannot be zero because, when W =0 for a certain value of p, the chosen
system zj becomes linearly dependent and it is then necessary to reconstruct the system of
linearly independent vectors (similar to the analysis in [4]). The poles of (2.6) will be
determined by the zeros of the function Eiss(p). It is well known [6] that the dispersion
relation E;ss =0 determines the discrete spectrum of the linearized Navier—Stokes equations
for Tollmien—Schlichting waves about which it is known, at least from the computed results,
that all zeros of Eiss have the real part Real(p) less than a certain finite number po. It
could be as much greater than zero as it could be less than zero, depending on the parameters
of the problem. Consider the structure of the cutouts in the plane of the complex variable
p determined by the equations A} = —k®(j =1, 3, 5, k >0). These equations are easily ana-
lyzed asymptotically as k +0 and k . For finite values of the parameter k, Reynolds num-
ber, and the variable p, the equations were solved numerically. The structure of the cutouts
thus obtained yv3j(j =1, ..., 7) is shown in Fig. 1 (Mach number M <1) and in Fig. 2 (M >1).

We note that one of the cutouts Yy, for k > has the limiting point p, which it approaches
along the line Im(p) =const. In the neighborhood of this point the solution to (2,6) is
characterized by pressure fluctuation “(p — p*)'lfz. We also draw attention to the exis-
tence of three cuts found in the half-plane Real(p) >0 and extending to infinirty. Their
existence reflects the incorrectness of the problem (1.1), (1.2). If it is required from
the initial condition A, that the solution to (2.6) should be continuous across the cut for
all p satisfying the inequality Real(p) >s, then the problem will be regularized. Here, by
closing the integration path T byan arcof a circle Cy going around all the points of the
branch as shown in Fig. 2, we get as r +« the solution A(x, y) as a result of inverse Laplace
transform, as the sum of the residues of the discrete poles py and integrals along two sides
of the existing cuts.
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Consider in detail the computation of the contribution of integrals along the two sides
of the cut y; to the inverse Laplace transform:

00

1 dp o + - I
=g | ¢ (A — A}) dE,
¢
where p(k) is determined by the equation A7 =—k?, indices * indicate the values of functions
at the upper and lower branches of the cuts shown in Fig. 2. On the upper branch of the cut
A1 =—ik, on the lower X; =ik. Express all integrals in terms of the values of the functions

at the upper branches of cuts. Here for y; we have

W™ =—W* Df =—Df, Dj=-—Dfy Dj=-—Df
(=3,....06),
Eyis = Edysy Fys = Eiyse Eijp = Egyy (. k91, 2). (2.7)
Using (2.7), after elementary but tedious transformations, we get
L=\l g £ Eigs2s -+ Eiggzy - .
1= g ) O e Gyl Bty — Bigazy + Eigszg - Egarsly, dk,
0
o oo o0 & (298)
i 1 D ‘ ° D, D ¢ D,
G, “:T—,‘;—"[Enss \ ‘ﬁ%“ dy <+ Fog; Vd.l/ — Egus V’T&‘dy“ Eaas ‘ ‘Wr‘ dy | ,
1857.85 | y 5 o b Vi

where the index y,; denotes that p(k) is chosen in accordance with the equation for the cut
Yi. The contribution from the integrals along the branches of the cut vy, equals zero if
AE+ =Ap. This will be satisfied when G, =0. On the cut y,, also determined by the equation
A =—k?, we find that the difference Ap*‘-— Ap is proportional to the expression

D T oD, v D D
G, = TR [F‘;a \( “‘%'dy + E-zssj —W;‘d!/"’ Euaj ﬂ%‘d"/ — Flggg SITVS” d-‘/] .
“igstias | . 5 vy

4] il 0 G

One of the conditions for regularizing the problem is G, =0 when Real(p) >s.

Similar
conditions are obtained on the cuts Y., Ye¢. Let us write the final result:

A(r, y) = 3 Res (A er) + ]21 I;, (2.9)

where I4 correspond to the contributions from the integrals along the branches of cuts Yy
(in view of the cumbersome expression their explicit form isnot given); I' denotes summation of

discrete set of poles. At present there are only numerical studies on discrete spectrum
(analytical study is carried out only for the simplest cases [6]).

Hence it is necessary
to make the additional assumption that I' in (2.9) has significance.

3. Biorthogonal Vector System.
is determined:

The following biorthogonal system of vectors {Ay, By}
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4 dAa , dA, A
—J!T (L() -LIT) T Ll _Jg;_ = f]lAm ~}— I-O‘.IIZ.‘\G, (3. l)

Ag1 = Agg = Ags = at y=0, |dgl<<oo 3 y->o0 (j=1,...,9);

d [ dB, « 1B, * — s
T,( Ly i) — Li - = M{B, — (ull}B,

Ba=Bay=B,=0 28 y=0, [By|l<<oo as y—>m0 (j=1,...,9), (3.2)
In Eqs. (3.1), (3.2), and in what follows « is a complex number; * denotes conjugate
matrix, the bar above indicates complex conjugate. The system (3.1) coincides with the homo-

geneous problem (2.1), The system (3.2) determines the problem conjugate to (3.1).

Analysis of the spectrum of possible eigenvalues o for (3.1), (3.2) was initiated in
[10]. There is a discrete spectrum corresponding to Tollmien—Schlichting waves and a con~
tinuous spectrum. Cuts vj in Figs. 1 and 2 actually correspond to the continuous spectrum
of a if the equality p =ia is used. The following condition for orthogonality is valid:

CHAL By =g, <A, By = [ (A, Bydy= 3, [ 4B a, (3.3)
0 =1
where Agg =8gp is the Kronecker symbol, if ome of the numbers belongs to the discrete spec-
trum; Aq,g =§(a — PB) is the delta function if both the numbers belong to the continuous
spectrum [5].

The solution to (3.1) for the discrete spectrum can be written in the form
A, =% + by Lok,

where one of the constants is arbitrary in view of the linearity of the problem and two
others are determined from boundary conditions at y =0. Vectors E: coincide with linearly
independent solutions to the homogeneous system (2.1). Here and in what follows, results
from earlier sections for p =ia are used. Since there are three boundary conditions at y =
0, there is an eigenvalue problem E;3s(ia) =0 and a discrete spectrum results. Each of the
branches of the continuous spectrum is obtained when for a certain j(j =1, 3, 5)Xj = ik

(k >0). 1In this case, limited as y— «, the solution is made up of four linearly independent
solutions. Here all constants are determined accurately to the order of the choice of nor-
malization of the solution to the problem (3.1). For example, for the continuous spectrum
determined by the equation A; =—ik, the solution to (3.1) is written in the form

A, = Eply — Eugks + E1958; +- E 1385,
which coincides with the vectorial part of the subintegral expression for I, in (2.8) and

(2.9). Similarly, it is possible to show that all subintegral expressions of Ij in (2.9)
are proportional to one of the eigensolutions to (3.1) from the continuous spectrum.

4. Completeness of the System of Eigenfﬁnctions. Assuming the completeness of the
system {Ay, By}, the formal solution to the problem (1.1) and (1.2) is written in the form

iayx

7% s
Az, y) = ' (HyAg, Buvye " Ay + 721 §<-H2A03 B,;) e ﬂAaidkiv (4.1)
=1y

where a, corresponds to the solution. of the discrete spectrum with the number v; Agy, Bav
are solutions to (3.1) and (3.2), corresponding to ay, L' is the sum of all solutions of the
discrete spectrum; aj corresponds to the continuous spectrum with number j; Aaj, Bgj are
solutions to (3.1) and (3.2) when « =aj; kj is a real parameter that determines the continu-
ous spectrum with number j. In order to regularize the problem (1.1) and (1.2) we require
that from initial conditions A, it should be possible to determine the solution with finite
growth rate downstream. This requirement was already discussed while obtaining the solution
with Laplace transform that in a formal representation of the solution (4.1) can also be
expressed in the form of an integral relation <H,Ao,, Bgj> =0, which should be satisfied for
all aj with Real(iaj) >8.

In order to establish the completeness of the system {Ay, Bgl from (3.1) and (3.2) it
is necessary to prove that the formal solution to (4.1) coincides with (2.9). It was made
clear earlier that the subintegral expressions in I from (2.9) are proportional to exp(iajy)
Agj. On the basis of I, obtained by integrating along the cut vy., we show that G; from (2.%)
is proportional to <H,Ao, Bgi>. Gi is written in the form
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n, . D, D, D,
Gy = gt || Foso i+ B = Eaus i — Fans 3 .

Here D; obtained from the solution of the algebraic system (2.4) are computed as the deter-
minants of the matrix of fundamental solutions Z, in which the j-th column is replaced by
the vector ¢ from (2.4). It is not difficult to show that Dj/W = (g, ;) , where Xj is a
linearly independent solution to the system of equations conjugate with (2,2) of the problem
[11]:

— dy/dy = Hyy,
Ya= %y = e = 0 wheny =0, |yl <oo wheny-»oo (j =1, .., ). (4.2)
It is possible to verify that the vector function
¥ Byt - Eagss — Eayails — Figste

satisfies boundary conditions from (4.2)., Then we find that G; is proportional to <@, %) .
Direct computations show that there exists a correspondence between problems (3.2) and (4.2):

By =y — 2Ly d,  Bag = Y
Buy = tad — i, d — L, — LEHd,
Boy = y,d, Buy—=y; + 7714)67(&» Bag = Y,
d = (15 LHY). (4.3)
Using (4.3), solution @ from (2.4), we get {@, %> = <F, B,> = —<H,Ao, By>, vhere the index
a denotes that the solutions to (4.2) and (3.2) are found for the eigenvalue «. Thus, for

all j =1, ..., 7 it has been established that the subintegral expressions in Iy are propor-
tional to <HzAo, Bgyj>.

Proceeding along the lines used in [5], we come to the proportionality L' from (2.9)
and (4.1). Further, in order to establish that all the final constants of proportionality
are equal to one, we specify for Ao one of the eigenfunctions A, from (3.1). Using the
orthogonality relation (3.3) and considering (2.9) at x =0, the constants of proportionality
are found to be equal to one. Thus we have proved that (2.9) is identical with (4.1) which
establishes the completeness of the system {Ay, B} from (3.1) and (3.2). We note that the
proof could have been obtained without using the well-known properties of the solution to
(2.9) vhich was obtained with Laplace transforms (at x =0, it coincides with Ao). In order
to do this it is necessary to compute the constant of proportionality for Agp in (3.3) for
an arbitrary normalization of the solution to (3.1) and (3.2). This procedure was also fol-
lowed but not discussed here because it is extremely tedious.

APPENDIX

L' = —rw/Re, Lit=1 (i=1,...6), L¥=(m+1),
Hi' = —ioRe/ul, HP = — Dulp, HP = Re DU /T,
HP = — D(WDU)y,
HY = —w'DUly, HP - DT/T, HI-- jopM2, OP = —io/T, HP® =
= jw/T,
HP® = —2(y — 1) MFoDU, IIF® - Re oDT/pT, Hi'=io(y — 1) M2Reo/p,
HP == — D(WDT)/w— io Reo/uT, H - — 2D/,
Hy' = ReU/pl, HP < —Duin, H®:-=Rein, HY ——r,
HY' = HY = —1, H¥= - 3\PU, H¥®=U/T, H—=mDu/Re,
H =(m +1)p/Re, I = —U/T, HY =y DUMe, 1Y - p/Re,
HY = —2(y - O)MoDU, HEY - (y—1)MReolU/n, H3° = RelUo/uT,
HY = H® =1, H}= —p? L (pU — io)Re/u?, H2 — — Div/u,
H® == — p(m 4 1) DTIT — pDu/p + Re DU/uT,
# = pRe/p -+ (m - 1) yM3p (pU7 — iw),
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H® = ip(m 4 1) (iv — pU)/T — D (WDU)p, HZ® = — wWDUu, HY=—p,
H® = DTIT, Hy = yM2(io — pU/), H® = (pU — i©)/T,

HE' = — Pp (rDTIT -+ 2Dy/p), H = — pp,

H = B[~ p* + (io — pU) Re/pT -+ rD*T/T -+ rDuDT /T,

Hg' == — BryM? [pDU + (pU — iw) (DT/T + Du/l,

HY® =B [rpDU/T -+ p' pDU/p — r (i0 — pU) Dy/uT],

HY® = — Br(io — pUYT, HE = —2(y— 1) M:oDU,

HY = — 2(y — 1) MeopDU - ReaDT/ul, HE = (y— 1) M2Re o(io—pU)/y,
H = — p* - Reo (pU — iw)/inT — (y — 1) Mo’ (DU p — D/,

HY = — 2Dy/u.

Here the following notation has been used. U(y), T(y) are velocity and temperature profiles
of the mean flow; y is the adiabatic index; M is the Mach number; Re is the Reynolds number;
0 is Prandtl number; r =(2/3)(e +2); m =(2/3)(e ~ 1): e is the ratio of the second coeffi-
cient of viscosity to the first; u(T) is the first coefficient of viscosity] u' =du/dT; D =
d/dy; B =[Re/u +ryM*(pU — iw)]™'; w is the disturbance frequency.
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